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a b s t r a c t

Jacobian-free Newton–Krylov (JFNK) method is an effective algorithm for solving large
scale nonlinear equations. One of the most important advantages of JFNK method is that
there is no necessity to form and store the Jacobian matrix of the nonlinear system when
JFNK method is employed. However, an approximation of the Jacobian is needed for the
purpose of preconditioning. In this paper, JFNK method is employed to solve a class of
non-equilibrium radiation diffusion coupled to material thermal conduction equations,
and two preconditioners are designed by linearizing the equations in two methods.
Numerical results show that the two preconditioning methods can improve the conver-
gence behavior and efficiency of JFNK method.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Radiation diffusion coupled to material thermal conduction equations is used in inertial confinement fusion (ICF) or astro-
physics to describe approximately the process of energy diffusion and energy exchanging between radiation and materials.
The radiation energy is strongly dependent on the material temperature. Actually, the typical relationship between radiation
energy and material temperature is E / T4, with E the radiation energy and T the material temperature. Therefore, radiation
diffusion coupled to material thermal conduction equations is a typical nonlinear system exhibiting multiple time and space
scales. To solve the radiation diffusion coupled to material thermal conduction equations, usually a fully implicit method for
temporal direction is used and a finite difference method or finite volume method for spacial direction is employed. This
results in nonlinear equations that should be solved by a nonlinear iteration method.

To solve radiation diffusion coupled to material thermal conduction equations, many researchers have done much work.
In 1999, Knoll, Rider and Olson employed Newton–Krylov method in solving the implicit non-equilibrium radiation diffusion
problems [15]. They compared the effectiveness of Newton–Krylov method with that of Picard method. The conclusion is
that Newton–Krylov method has superior convergence properties to Picard method. Later, they studied the interaction
between converging the nonlinearities within a time step and time step control on the accuracy of non-equilibrium radiation
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diffusion problem [16]. They concluded that, for a given accuracy, significant improvement in solution efficiency can be ob-
tained by converging nonlinearities within a time step. Mousseau, Knoll and Rider solved the non-equilibrium radiation dif-
fusion equations by JFNK method, where the preconditioner is constructed by an operator splitting technique [20]. The
preconditioning technique was developed by Mousseau and Knoll in 2003 [21]. In [9], a Schur complement-based precon-
ditioner was considered and parallel scalability of a fully implicit solver based on high order time integration was demon-
strated. Mousseau and Knoll applied Newton–Krylov methods in solving two-dimensional non-equilibrium radiation
diffusion problems [22]. In [18], Lowrie studied several implicit time integration approaches for solving nonlinear relaxation
and diffusion problems. Brown, Shumaker and Woodward applied high order time integration in solving non-equilibrium
radiation diffusion problem with large scales [8]. Their results show that fully implicit methods can achieve more accurate
solutions than semi-implicit methods. In 2009, Yuan, Yue and Sheng proposed a Picard–Newton method and applied it to a
non-equilibrium radiation diffusion problem on distorted meshes [24]. An, Mo, etc. solved the three temperature heat con-
duction equations by JFNK method [3], where the three temperature heat conduction equations is also a radiation diffusion
coupled to material thermal conduction model.

JFNK method was developed mainly in the recent two decades [6,7,14]. From the beginning of this century, JFNK method
has become more and more popular in many application areas [10,14,17,18]. One of the main advantages of JFNK method is
that there is no need to form and save the Jacobian matrix of the equations when a finite difference approximation to the
Jacobian matrix vector product is used. However, since a Krylov subspace method is used to solve the Newton equations
in JFNK method, a preconditioner should be constructed for a specific application problem. In real applications, some clas-
sical iterative methods, for example, Picard or operator splitting iteration method can be used to construct preconditioners.
Therefore, as pointed out in [14], JFNK (as an accelerator) can be applied to improve another nonlinear fixed point method.

In this paper, two linearization methods are developed and correspondingly two kinds of preconditioning techniques are
obtained for radiation diffusion coupled to material thermal conduction equations. The main focus of the linearization is on
the diffusion terms of the equations since they couple the spacial points. Numerical results for three Newton–Krylov meth-
ods, Newton-GMRES, Newton-BiCGSTAB and Newton-TFQMR methods, show that the preconditioners constructed in this
paper are effective.

The rest of this paper is structured as follows. Section 2 is an overview of Jacobian-free Newton–Krylov method. Section 3
is a brief introduction to radiation diffusion coupled to material thermal conduction model. In Section 4, two preconditioners
for radiation diffusion coupled to material thermal conduction equations are given. In Section 5, some numerical results are
given to show the effectiveness of the preconditoners. Section 6 is a conclusion of the paper.

2. Jacobian-free Newton–Krylov method

JFNK method will be used to solve the discretized radiation diffusion coupled to material thermal conduction equations
(see Section 3). This method is a Newton–Krylov method in which the Jacobian-vector product is approximated by a finite
difference strategy. By this way, there is no need to form and store the Jacobian matrix, and the only concern is the evalu-
ation of the nonlinear function. Generally speaking, JFNK method is used to solve the following nonlinear equations

FðxÞ ¼ 0; ð1Þ

where F : Rn ! Rn is a nonlinear mapping. Since JFNK method is based originally on Newton method, which is locally con-
vergent, a globalization strategy is needed to be augmented in JFNK method to make it globally convergent [1,6,7]. In par-
ticular, JFNK method with line search globalization strategy can be briefly described as the following.

Algorithm 1 (JACOBIAN-FREE NEWTON–KRYLOV (JFNK) METHOD).

1. INPUT THE INITIAL ITERATE x0, AND LINE SEARCH PARAMETERS a AND b.
2. FOR k ¼ 0;1; . . ., UNTIL fxkg CONVERGE, DO

2.1. CHOOSE �gk 2 ½0;1Þ, AND USE some Krylov method EITHER TO SOLVE THE FOLLOWING LINEAR EQUATIONS

F0ðxkÞs ¼ �FðxkÞ; ð2Þ

OR TO SOLVE THE FOLLOWING LINEAR EQUATIONS IN PRECONDITIONING CASE (WITH THE PRECONDITIONER Pk)

F0ðxkÞP�1
k

� �
Pksð Þ ¼ �FðxkÞ; ð3Þ

OBTAIN AN INEXACT NEWTON DIRECTION �sk, SUCH THAT

kFðxkÞ þ F0ðxkÞ�skk 6 �gkkFðxkÞk: ð4Þ

2.2. IMPLEMENT THE LINE SEARCH ALONG �sk, AND OBTAIN A STEP sk ¼ hk�sk, WHERE hk 2 ð0;1�, SUCH THAT

f ðxk þ skÞ 6 f ðxkÞ þ arf ðxkÞT sk; ð5Þ
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and

f ðxk þ skÞP f ðxkÞ þ brf ðxkÞT sk: ð6Þ

2.3. xkþ1 :¼ xk þ sk.

In the above algorithm, the functional f ðxÞ is defined by

f ðxÞ ¼ 1
2
kFðxÞk2

2:

Eq. (2) is the Newton equation. To solve the Newton equation, a Krylov method is employed in JFNK method, and the
Jacobian-vector product is approximated by a finite difference strategy. The often used approximation is

F0ðxÞv � Fðxþ evÞ � FðxÞ
e

; ð7Þ

where x;v 2 Rn, and e 2 R is a finite difference step size. gk in (4) is the forcing term that is used to control the accuracy in
solving of the Newton equations. Step 2.2 in Algorithm JFNK is a line search procedure used to find a step sk satisfying both
the a-condition (5) and b-condition (6). And consequently the obtained step sk satisfies the sufficient decrease condition
[1,7], which guarantees the global convergence of JFNK method [7].

For the analysis of the Jacobian-vector product approximation (7) and the determination of e, see [4]. For choices of the
forcing terms gk, see [2,11]. As for other details of the algorithm, see [5–7,11–13].

Preconditioning is essential for improving the convergence behavior of a Krylov method. Usually, right preconditioning,
which does not change the norm of the linear residual, is used in Newton–Krylov method. The Newton equation with right
preconditioning becomes (3) where Pk � F0ðxÞ is a preconditioner. Let y ¼ Pks, then Eq. (3) can be rewritten as

F0ðxkÞP�1
k y ¼ �FðxkÞ;

with coefficient matrix F0ðxkÞP�1
k and unknowns y. In this case, the matrix–vector product in Krylov iteration can be approx-

imated by

F0ðxkÞP�1
k

� �
v ¼ F0ðxkÞ P�1

k v
� �

� Fðxk þ eP�1
k vÞ � FðxkÞ
e

:

This approximation is done in a two-step procedure:

1. Solve Pkz ¼ v for z.
2. Compute F0ðxkÞz by Jacobian-free approximation (7).

This procedure is used each time the action of the Jacobian matrix is concerned. After the Krylov iteration converged to a
solution y, the last step is to solve

Pks ¼ y

for s.

3. Non-equilibrium radiation diffusion coupled to material thermal conduction equations and discretization

3.1. Non-equilibrium radiation diffusion coupled to material thermal conduction equations

The equations for non-equilibrium radiation diffusion coupled to material thermal conduction have been given in various
forms [15,19–21,23]. We adopt the form in [20,21], which include the radiation diffusion equation

@E
@t
�r � ðDrrEÞ ¼ raðT4 � EÞ; ð8Þ

and the material thermal conductivity equation

@T
@t
�r � ðDtrTÞ ¼ �raðT4 � EÞ: ð9Þ

In Eqs. (8) and (9), the unknowns are respectively the radiation energy E and the material temperature T. The main physical
parameters in the equations are given in the following.

� ra is (with appropriate non-dimensionalization) the Planck mean opacity of the medium. In some systems, ra can be
related to the atomic number and temperature of the material.
� Dr is the radiation diffusion coefficient, which is proportional to the inverse of the Rosseland mean opacity.
� Dt is the diffusion coefficient for material thermal conductivity, which is usually dependent on material temperature and

some other material parameters, such as density etc.
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The material properties must be specified through the coefficients in Eqs. (8) and (9). As in papers [15,20,21,23], for pur-
pose of simplicity, we take the following form for ra;Dr and Dt ,

ra ¼
z3

T3 ; DrðTÞ ¼
1

3ra
; DtðTÞ ¼ kT

5
2;

with z the atomic number, and k a constant [20].
For thermal equilibrium case we have E ¼ T4. And for non-equilibrium case one can define a radiation temperature as

Tr ¼ E
1
4.

In this paper, both one-dimensional case on ½0;1� and two-dimensional case on ½0;1� � ½0;1� will be considered. For one-
dimensional case, the left boundary condition of radiation equation is

1
4

E� 1
6ra
� @E
@x
¼ 1;

and the right boundary condition is

1
4

Eþ 1
6ra
� @E
@x
¼ 0:

For material energy equation, the left and right boundary condition is

@T
@x
¼ 0:

For two-dimensional case, the boundary conditions are shown in Fig. 1.

3.2. Implicit discretization

By using the backward Euler (BE) discretization method for Eqs. (8) and (9) along temporal direction, one can obtain

Enþ1 � En

Dt
�r � ðDnþ1

r rEnþ1Þ ¼ rnþ1
a ðT4 � EÞnþ1

; ð10Þ

and

Tnþ1 � Tn

Dt
�r � ðDnþ1

t rTnþ1Þ ¼ �rnþ1
a ðT4 � EÞnþ1

: ð11Þ

Here

Dnþ1
r ¼ DrðTnþ1Þ; Dnþ1

t ¼ DtðTnþ1Þ; and rnþ1
a ¼ raðTnþ1Þ:

The residual form of the equations are given by

FEðEnþ1; Tnþ1Þ ¼ Enþ1 � En

Dt
�r � ðDnþ1

r rEnþ1Þ � rnþ1
a ðT4 � EÞnþ1

; ð12Þ

FTðEnþ1; Tnþ1Þ ¼ Tnþ1 � Tn

Dt
�r � ðDnþ1

t rTnþ1Þ þ rnþ1
a ðT4 � EÞnþ1

: ð13Þ

By employing a spacial discretization method, for example, a finite difference method or a finite volume method, to the dif-
fusion termsr � ðDnþ1

r rEnþ1Þ andr � ðDnþ1
t rTnþ1Þ, a nonlinear algebraic equations will be obtained. We will use JFNK method

to solve the nonlinear algebraic equations. For the purpose of constructing the preconditioners, some linearization methods
will be given in the next section.

Fig. 1. Boundary conditions for two-dimensional case.
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4. Linearization and preconditioning

In this section, we will discuss the linearization for the nonlinear terms in Eqs. (10) and (11). For the right hand side term
or the energy exchanging term, a Picard linearization method will be used. The main concern of this paper is the linearization
of the diffusion terms. For the diffusion terms, two methods will be given, and two preconditioning methods will be obtained
correspondingly. To construct the linearization methods, it is necessary to give two theorems.

4.1. Two theorems

Theorem 4.1. Let

FðuÞ ¼ DðuÞru:

If DðuÞ is differentiable to u, then the derivative of F to u is

F uðuÞð�Þ ¼ DðuÞrð�Þ þ DuðuÞð�Þru:

Proof. For any fixed u, denote the operator

Að�Þ ¼ DðuÞrð�Þ þ DuðuÞð�Þru:

For increment du of u, when du! 0, we have

kFðuþ duÞ � FðuÞ � Aduk
kduk ¼ kDðuþ duÞrðuþ duÞ � DðuÞru� DðuÞrðduÞ � DuðuÞðduÞruk

kduk

¼ kðDðuþ duÞ � DðuÞ � DuðuÞðduÞÞruþ ðDðuþ duÞ � DðuÞÞrðduÞk
kduk

¼ kðoðduÞÞruþ ðOðduÞÞrðduÞk
kduk ¼ koðduÞ þ oðduÞk

kduk ¼ oð1Þ;

therefore,

F uðuÞð�Þ ¼ Að�Þ ¼ DðuÞrð�Þ þ DuðuÞð�Þru: �

Theorem 4.2. Let

Fðu;vÞ ¼ DðuÞrv :

If DðuÞ is differentiable to u, then the derivatives of F to u and v respectively are

F uð�Þ ¼ DuðuÞð�Þrv ; and F vð�Þ ¼ DðuÞrð�Þ:

Proof. For any fixed u and v, denote the operators

Bð�Þ ¼ DuðuÞð�Þrv ; and Cð�Þ ¼ DðuÞrð�Þ:
For increment du of u, when du! 0, we have

kFðuþ du;vÞ � Fðu; vÞ � Bduk
kduk ¼ kDðuþ duÞrv � DðuÞrv � DuðuÞðduÞrvk

kduk ¼ k½Dðuþ duÞ � DðuÞ � DuðuÞðduÞ�rvk
kduk

¼ kðoðduÞÞrvk
kduk ¼ koðduÞk

kduk ¼ oð1Þ;

therefore,

F uð�Þ ¼ Bð�Þ ¼ DuðuÞð�Þrv :

In the similar way, when dv ! 0,

kFðu; v þ dvÞ � Fðu;vÞ � Cdvk
kdvk ¼ kDðuÞrðv þ dvÞ � DðuÞrv � DðuÞrðdvÞk

kdvk ¼ k0kkduk ¼ 0;

therefore,
F vð�Þ ¼ Cð�Þ ¼ DðuÞrð�Þ: �

32 T. Feng et al. / Journal of Computational Physics 236 (2013) 28–40
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4.2. The first linearization method for the diffusion term

In this subsection, the first kind of linearization method for the diffusion terms of Eqs. (10) and (11) will be given. For
purpose of simplicity, the super index nþ 1 will be omitted, i.e. E and T will represent Enþ1 and Tnþ1, respectively in this sec-
tion. Besides, let E� and T� denote approximate solutions for (10) and (11). Since Dr ¼ DrðTÞ, by Taylor expansion method for
DrðTÞ, it is easy to obtain

DrrE � D�r þ
@Dr

@T

� ��
T � T�ð Þ

� �
rE ¼ D�rrEþ @Dr

@T

� ��
TrE� @Dr

@T

� ��
T�rE

� D�rrEþ @Dr

@T

� ��
TrE� � @Dr

@T

� ��
T�rE: ð14Þ

Here, the nonlinear term @Dr
@T

� ��
TrE is approximated by a linear term @Dr

@T

� ��
TrE�. In the same way, since Dt ¼ DtðTÞ, by Tay-

lor expansion method for DtðTÞ, it is easy to obtain

DtrT � D�t þ
@Dt

@T

� ��
T � T�ð Þ

� �
rT ¼ D�trT þ @Dt

@T

� ��
TrT � @Dt

@T

� ��
T�rT

� D�trT þ @Dt

@T

� ��
TrT� � @Dt

@T

� ��
T�rT: ð15Þ

By (14) and (15), it is easy to obtain

r � ðDrrEÞ
r � ðDtrTÞ

� �
¼ M1

E

T

� �
;

where

M1 ¼
M11

1 M12
1

0 M22
1

 !
;

with

M11
1 ¼ r � D�rrð�Þ �r �

@Dr

@T

� ��
T�rð�Þ;

M12
1 ¼ r �

@Dr

@T

� ��
ð�ÞrE�;M22

1 ¼ r � D�trð�Þ �r �
@Dt

@T

� ��
T�rð�Þ þ r � @Dt

@T

� ��
ð�ÞrT�:

4.3. The second linearization method for the diffusion term

Next the second kind of linearization method for the diffusion terms of Eqs. (10) and (11) will be given. Since Dr ¼ DrðTÞ,
by Theorem 4.2 and Taylor expansion method for DrrE, it is easy to obtain

DrrE � D�rrE� þ @ðDrðTÞrEÞ
@E

� ��
E� E�ð Þ þ @ðDrðTÞrEÞ

@T

� ��
T � T�ð Þ

¼ D�rrE� þ D�rr E� E�ð Þ þ @Dr

@T

� ��
ðT � T�ÞrE� ¼ D�rrEþ @Dr

@T

� ��
TrE� � @Dr

@T

� ��
T�rE�: ð16Þ

In the similar way, since Dt ¼ DtðTÞ, by Theorem 4.1 and Taylor expansion method for DtrT , it is easy to obtain

DtrT � D�trT� þ @ðDtðTÞrTÞ
@T

� ��
T � T�ð Þ ¼ D�trT� þ D�trð�Þ þ

@Dt

@T

� ��
ð�ÞrT�

� �
T � T�ð Þ

¼ D�trT þ @Dt

@T

� ��
TrT� � @Dt

@T

� ��
T�rT�: ð17Þ

By (16) and (17), one can obtain

r � ðDrrEÞ
r � ðDtrTÞ

� �
� M2

E

T

� �
;

where M2 is defined by

M2 ¼
r � D�rrð�Þ r � @Dr

@T

� ��ð�ÞrE�

0 r � D�trð�Þ þr � @Dt
@T

� ��ð�ÞrT�

 !
:

T. Feng et al. / Journal of Computational Physics 236 (2013) 28–40 33



Author's personal copy

4.4. Linearization for the energy exchanging term

For the energy exchanging term, by using Picard linearization method, it can be approximated by [22]

raðT4 � EÞ � r�a TðT�Þ3 � E
h i

: ð18Þ

4.5. Preconditioners

Based on the above linearization processes, we can now give two preconditioners for Eqs. (12) and (13). One is

P1 ¼
1
Dt

I �M1 þ R;

and another is

P2 ¼
1
Dt

I �M2 þ R;

where

R ¼
r�a �r�aðT

�Þ3

�r�a r�aðT
�Þ3

 !
:

Remark 4.1. For preconditioners P1 and P2, the discretization for the operatorsr � @D
@T

� ��ð�ÞrE� andr � @D
@T

� ��ð�ÞrT� should be
considered. Here one-dimensional case for r � @D

@T

� ��ð�ÞrE� is given as an example. Assume that the usual finite difference

method is used to discretize the diffusion term, and h is the spacial step size. Let i denote the cell center and iþ 1
2 denote the

face of the cell. For a function vðxÞ; v i represents the numerical solution of vðxÞ at the cell center, v iþ1
2

represents the

numerical solution of vðxÞ at the face of the cell.
Now assume that

v iþ1
2
� 1

2
ðv i þ v iþ1Þ; v i�1

2
� 1

2
ðv i þ v i�1Þ;

then

@

@x
@D
@T

� ��
v @E�

@x

� �� 	
i

� 1
h

@D
@T

� ��
iþ1

2

v iþ1
2

E�iþ1 � E�i
h

� @D
@T

� ��
i�1

2

v i�1
2

E�i � E�i�1

h

" #

� 1

2h2

@D
@T

� ��
iþ1

2

ðv i þ v iþ1ÞðE�iþ1 � E�i Þ
"

� @D
@T

� ��
i�1

2

ðv i þ v i�1ÞðE�i � E�i�1Þ
#

¼ 1

2h2

@D
@T

� ��
iþ1

2

ðE�iþ1 � E�i Þ �
@D
@T

� ��
i�1

2

ðE�i � E�i�1Þ
" #

v i þ
1

2h2

@D
@T

� ��
iþ1

2

ðE�iþ1 � E�i Þ
" #

v iþ1

� 1

2h2

@D
@T

� ��
i�1

2

ðE�i � E�i�1Þ
" #

v i�1 	 aiiv i þ ai;iþ1v iþ1 þ ai;i�1v i�1;

where

ai;iþ1 ¼
1

2h2

@D
@T

� ��
iþ1

2

ðE�iþ1 � E�i Þ
" #

; ai;i�1 ¼ �
1

2h2

@D
@T

� ��
i�1

2

ðE�i � E�i�1Þ
" #

; aii ¼ ai;iþ1 þ ai;i�1:

These terms will contribute to the preconditioning matrices.

Remark 4.2. It should be pointed out that in paper [24], Yue, Yuan and Sheng also give a linearization method for the dif-
fusion term. Actually, their result is similar to the second linearization method in this paper, but it is obtained in a different
way. Besides, in this paper, the purpose of designing the linearization methods is to construct preconditioners, while the
main concern in paper [24] is to design iteration method for radiation diffusion equations on distorted meshes.
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5. Numerical experiments

In this section, numerical results for both one- and two-dimensional cases are given to illustrate the effectiveness of the
preconditioning methods. For both cases, the initial conditions are E0 ¼ 1� 10�5 and T0 ¼ ðE0Þ1=4 ¼ 0:0562. The parameter
k � 0:1 in the experiments. The final simulation time is tfinal ¼ 2, and the time step size Dt ¼ 1� 10�4.

In all tests, the maximal nonlinear iteration number is limited to 20; and the nonlinear iteration convergence criteria is

kFðxkÞk1 6 10�7 or kxk�1 � xkk2 6 10�10:

The global strategy is used and the second type of Eisenstat–Walker forcing term [11] is employed.
Three Krylov methods, GMRES, BiCGSTAB and TFQMR, are used in the experiments with maximal subspace dimension

being 40.
The preconditioners are formed in each nonlinear iteration step. The preconditioning systems are solved by Gauss–Seidel

method. The convergence criteria is

kekk2 6 10�10;

where ek is the iteration error, and the maximal iteration number of Gauss–Seidel method is 10 for one-dimensional case, 15
for two-dimensional case.

For brevity and convenience, the following notations are used:

� NNI: number of nonlinear iterations;
� NLI: number of linear iterations;
� CPU: total CPU time;
� GMR: GMRES method;
� BIC: BiCGSTAB method; and
� TFQ: TFQMR method.

Besides, P1 will denote the first kind of preconditioning method (Preconditioning I), and P2 will denote the second (Precon-
ditioning II). For example, P1-GMR represents GMRES method with Preconditioning I, and P2-GMR represents GMRES
method with Preconditioning II. Similar notations will be used for BiCGSTAB and TFQMR.

5.1. Numerical results for one-dimensional case

For one-dimensional case, three scales of grid are considered: 256, 512 and 1024.
In Table 1, the average numbers of nonlinear and linear iteration at each time step are listed. Also, the total CPU time is

given. From this table one can see that preconditioning has little influence on the average nonlinear iterations. However, the
average linear iterations and CPU time are reduced by using preconditioning techniques. Actually, from no preconditioning
to Preconditioning I, and then to Preconditioning II, the average linear iterations and CPU time are decreasing. For example,
when the grid number is 512 and GMRES method is used, the average linear iteration is 88.04 for no preconditioning case,
19.17 for Preconditioning I, and 11.39 for Preconditioning II. The corresponding CPU time is 8.99 min for no preconditioning
case, 7.27 min for Preconditioning I, and 7.10 min for Preconditioning II. Therefore, both Preconditioning I and Precondition-
ing II are very effective, with Preconditioning II being much better than Preconditioning I.

To further investigate the numbers of linear iteration for each nonlinear iteration step, Table 2 is given. From this table,
one can see that both Preconditioning I and Preconditioning II are much more effective than no preconditioning cases, with
Preconditioning II being much better. Specifically, for almost all cases, the average numbers of linear iteration in each non-
linear iteration can be saved at least two times by using preconditioning techniques.

Table 1
Average numbers of nonlinear and linear iteration at each time step and total CPU time (measured in minutes) for one-dimensional case.

Grid 256 512 1024

Lin. Solv. NNI NLI CPU NNI NLI CPU NNI NLI CPU

GMR 6.29 45.12 2.97 6.96 88.04 8.99 7.00 176.16 34.30
P1-GMR 6.01 12.85 2.39 6.89 19.17 7.27 7.00 54.41 23.40
P2-GMR 6.00 8.76 1.95 6.00 11.39 7.10 6.02 44.32 20.22

BIC 6.83 25.87 3.01 6.01 55.02 8.50 6.96 106.04 27.17
P1-BIC 5.74 9.79 2.19 6.00 11.52 6.95 6.93 27.76 22.79
P2-BIC 5.21 5.98 1.91 6.00 9.02 6.41 6.00 22.69 20.02

TFQ 6.13 27.78 5.13 7.00 55.86 16.90 7.07 121.54 53.25
P1-TFQ 6.05 9.58 4.77 6.98 12.56 14.34 7.04 36.07 44.51
P2-TFQ 6.00 7.33 3.75 6.00 9.01 11.83 6.02 27.16 38.20
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In Table 3, the relative reduction of linear iteration and CPU time of Preconditioning II from no preconditioning for one-
dimensional case are listed. The reduction is computed by the statistics in Table 1. For example, the reduction of linear iter-
ation is given by

NLI no precond � NLI precond

NLI no precond
� 100%:

This table shows that by using Preconditioning II, the linear iterations can be reduced by at least 73.61%, and correspondingly
the reduction of CPU time varies from 21.02% to 41.05%. One can see that from this table the reduction of linear iterations
does not have the same effect on the CPU time. For example, when the grid number is 512 and GMRES method is used, the
reduction of linear iteration is 87.06%, while the reduction of CPU time is only 21.02%. This is due to the cost of precondi-
tioning setup (form the preconditioning matrices) and preconditioning solving (solve the preconditioning systems) in pre-
conditioning cases. To show this, Table 4 is given. In this table, the cost for preconditioning setup and preconditioning
solving is given. At the same time, the cost for function evaluation is listed since this is another main cost for preconditioning
JFNK method.

From Table 4, one can see that the cost for preconditioning setup is relatively little, while the cost for preconditioning
solving is relatively much. For example, when the grid number is 512 and GMRES method is used, the cost for precondition-
ing setup is only 0.07 min, but the cost for solving the preconditioning systems is 4.5 min. one can see from Table 1 that the
total cost is 7.10 min, thus, the solution for preconditioning system dominates the cost for preconditioning cases. Besides, the
cost for function evaluation is about 1.21 min.

To show specifically the iteration number at each time step and the CPU time increase with time stepping, Figs. 2–4 are
given, respectively for three Krylov methods with grid 1024. In the figures, the number of iterations for every 1000 time steps
are averaged as one point, and correspondingly, the total CPU time is given at the same point. One can see from Fig. 2 that for
Newton-GMRES method, the nonlinear iterations of no preconditioning and Preconditioning I are near 7, while the nonlinear
iteration of Preconditioning II is 6. Therefore, the difference of nonlinear iterations with preconditioning and no precondi-
tioning is small. This figure shows that the linear iteration number of no preconditioning case increases from about 80 to
190. However, for preconditioning cases, the linear iteration number is no more than 50 for all time steps. This shows that
the preconditioning methods are very effective. Furthermore, one can see that linear iteration of Preconditioning II is always
less than that of Preconditioning I. This shows that Preconditioning II is superior to Preconditioning I. By observing the CPU
time curves, one can see that the cost of no preconditioning case is always more than that of preconditioning cases from
beginning to end. And the cost of Preconditioning II is the least. Besides, the CPU time is almost linearly increasing for all
cases. One can draw similar conclusions for Newton-BiCGSTAB and Newton-TFQMR methods from Figs. 3 and 4.

Table 2
Average linear iterations in each nonlinear iteration for one-dimensional case.

Grid No preconditioning Preconditioning I Preconditioning II

GMR BIC TFQ GMR BIC TFQ GMR BIC TFQ

256 7.17 3.79 4.53 2.14 1.71 1.58 1.46 1.15 1.22
512 12.65 9.17 7.98 2.78 1.92 1.80 1.90 1.50 1.50
1024 25.17 15.24 17.19 7.77 4.01 5.12 7.36 3.78 4.51

Table 3
Reduction of linear iterations and CPU time of Preconditioning II for one-dimensional case.

Grid NLI CPU

GMR (%) BIC (%) TFQ (%) GMR (%) BIC (%) TFQ (%)

256 80.59 76.88 73.61 34.34 36.54 26.90
512 87.06 83.61 83.87 21.02 24.59 30.00
1024 74.84 78.60 77.65 41.05 26.32 28.26

Table 4
The main CPU time (measured in minutes) distribution of Preconditioning II for one-dimensional case.

Grid GMR BIC TFQ

Feval Psetup Psolve Feval Psetup Psolve Feval Psetup Psolve

256 0.42 0.03 1.21 0.44 0.03 1.10 0.62 0.04 2.43
512 1.21 0.07 4.50 1.23 0.06 4.17 1.97 0.07 8.38
1024 3.69 0.12 13.15 3.76 0.12 13.98 6.95 0.13 27.81
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5.2. Numerical results for two-dimensional case

For two-dimensional case, three scales of grid are considered: 64 � 64, 128 � 128 and 256 � 256.
Similar to one-dimensional case, the average numbers of nonlinear iteration and linear iteration at each time step, and the

total CPU time for two-dimensional case are given in Table 5. From this table one can see that preconditioning has little influ-
ence on the average nonlinear iterations. However, both the average linear iterations and CPU time are clearly reduced by
employing preconditioning techniques. Similar to the results of one-dimensional case, the average linear iterations and
CPU time are decreasing from no preconditioning to Preconditioning I, and then to Preconditioning II. For example, when
the grid number is 256 � 256 and GMRES method is used, the average linear iteration is 39.57 for no preconditioning case,
15.99 for Preconditioning I, and 12.15 for Preconditioning II. The corresponding CPU time is 617.98 min for no precondition-
ing case, 437.95 min for Preconditioning I, and 380.96 min for Preconditioning II. Therefore, both Preconditioning I and Pre-
conditioning II are very effective, with Preconditioning II being much better than Preconditioning I.

Besides, the average numbers of linear iteration in each nonlinear iteration are given in Table 6. This table shows that
Preconditioning II is more effective than Preconditioning I, and Preconditioning I is more effective than no preconditioning,
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Fig. 2. Curves of nonlinear iterations, linear iterations, and CPU time (measured in minutes) of Newton-GMRES method with grid 1024 (left: nonlinear
iteration; middle: linear iteration; right: CPU time).
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Fig. 3. Curves of nonlinear iterations, linear iterations, and CPU time (measured in minutes) of Newton-BiCGSTAB method with grid 1024 (left: nonlinear
iteration; middle: linear iteration; right: CPU time).
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Fig. 4. Curves of nonlinear iterations, linear iterations, and CPU time (measured in minutes) of Newton-TFQMR method with grid 1024 (left: nonlinear
iteration; middle: linear iteration; right: CPU time).
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thus Preconditioning II is the winner. In particular, from Table 6 one can see that the average linear iterations of Precondi-
tioning II is no more than 2.02 in all cases, which shows that Preconditioning II is nearly optimal.

In Table 7, the relative reduction of linear iteration and CPU time of Preconditioning II from no preconditioning for two-
dimensional case are listed. The computation for the reduction is the same as one-dimensional case. From this table, one can
see that by using Preconditioning II, the reduction of linear iterations varies from 23.65% to 69.29%, and the corresponding
reduction of CPU time varies from 16.0% to 38.35%. This table also shows that with the increase of grid number, the effec-
tiveness of preconditioning becomes more evident. Similar to one-dimensional case, one can see that the reduction of linear
iterations does not have the same effect on the CPU time. For example, when the grid number is 256 � 256 and GMRES meth-
od is used, the reduction of linear iteration is 69.29%, while the reduction of CPU time is only 38.35%. This is caused by the
fact that in preconditioning cases, there is cost in preconditioning setup and preconditioning solving. Table 8 is given To
show this aspect.

From Table 8, one can see that the cost for preconditioning setup is relatively little, while the cost for preconditioning
solving is relatively much. For example, when the grid number is 256 � 256, and GMRES method is used, the cost for pre-
conditioning setup is only 1.95 min, while the cost for solving the preconditioning systems is 245.18 min. From Table 5, one
can see that the total cost is 380.96 min, thus the solution for preconditioning system dominates the total cost. Besides, the
cost for function evaluation is about 123.32 min.

To show the concrete iterations and the CPU time increase with time stepping, Figs. 5–7 are given for grid 256 � 256. Sim-
ilar to one-dimensional case, it should be pointed out that the iterations for 1000 steps are averaged as one point, and cor-
respondingly, the total CPU time is given at the same point. For Newton-GMRES method, one can see from Fig. 5 that the
difference in nonlinear iterations between no preconditioning and any preconditioning case is small. However, for linear iter-
ations, the difference between no preconditioning and any preconditioning case is obvious. Actually, for Newton-GMRES
method, the linear iteration of no preconditioning case increases from 22 to about 43, while that of preconditioning cases
is always less than 17. In particular, the linear iteration of Preconditioning II is less than 14. This shows that both the two
preconditioning methods are very effective. Furthermore, one can see that linear iteration of Preconditioning II is always less
than that of Preconditioning I, which shows that Preconditioning II is much more effective than Preconditioning I. The CPU

Table 5
Average numbers of nonlinear and linear iteration at each time step and total CPU time (measured in minutes) for two-dimensional case.

Grid 64 � 64 128 � 128 256 � 256

Lin. Solv. NNI NLI CPU NNI NLI CPU NNI NLI CPU

GMR 6.28 12.04 19.99 6.42 20.86 88.53 6.39 39.57 617.98
P1-GMR 6.41 10.86 16.79 6.21 14.64 74.39 6.03 15.99 437.95
P2-GMR 6.03 8.93 15.83 6.04 11.23 71.40 6.01 12.15 380.96
BIC 5.69 8.16 16.96 5.80 12.33 92.37 6.85 24.29 637.48
P1-BIC 5.73 7.79 14.31 5.78 10.21 81.56 5.27 12.32 561.05
P2-BIC 5.28 6.23 13.68 5.46 7.67 77.59 5.02 9.68 457.52
TFQ 6.23 8.56 22.85 6.35 12.86 135.23 6.52 25.45 1120.94
P1-TFQ 6.11 7.78 18.27 6.39 10.31 114.13 6.24 13.81 918.09
P2-TFQ 5.94 6.52 17.63 6.05 7.95 105.41 6.03 10.35 821.24

Table 6
Average linear iterations in each nonlinear iteration for two-dimensional case.

Grid No preconditioning Preconditioning I Preconditioning II

GMR BIC TFQ GMR BIC TFQ GMR BIC TFQ

64 � 64 1.92 1.43 1.37 1.69 1.36 1.27 1.48 1.18 1.10
128 � 128 3.25 2.13 2.03 2.36 1.77 1.61 1.86 1.40 1.31
256 � 256 6.19 3.55 3.90 2.65 2.34 2.21 2.02 1.93 1.72

Table 7
Reduction of linear iterations and CPU time of Preconditioning II for two-dimensional case.

Grid NLI CPU

GMR (%) BIC (%) TFQ (%) GMR (%) BIC (%) TFQ (%)

64 � 64 25.83 23.65 23.83 20.81 19.34 22.84
128 � 128 46.16 37.79 38.18 19.35 16.00 22.05
256 � 256 69.29 60.15 59.33 38.35 28.23 26.74
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time curves show that the cost of no preconditioning case is always more than preconditioning cases from beginning to end.
And the cost of Preconditioning II is always the least. Besides, the CPU time is almost linearly increasing in all cases. One can
draw similar conclusions for Newton-BiCGSTAB and Newton-TFQMR methods from Figs. 6 and 7.

Table 8
The main CPU time (measured in minutes) distribution of Preconditioning II for two-dimensional case.

Grid GMR BIC TFQ

Feval Psetup Psolve Feval Psetup Psolve Feval Psetup Psolve

64 � 64 5.04 0.25 9.87 5.07 0.22 8.15 6.11 0.19 10.83
128 � 128 20.18 0.66 46.22 21.30 0.71 53.47 29.67 0.62 72.81
256 � 256 123.32 1.95 245.18 127.65 1.93 324.35 200.22 1.92 605.10
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Fig. 5. Curves of nonlinear iterations, linear iterations, and CPU time (measured in minutes) of Newton-GMRES method with grid 256 � 256 (left: nonlinear
iteration; middle: linear iteration; right: CPU time).
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Fig. 6. Curves of nonlinear iterations, linear iterations, and CPU time (measured in minutes) of Newton-BiCGSTAB method with grid 256 � 256 (left:
nonlinear iteration; middle: linear iteration; right: CPU time).
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6. Conclusion

Radiation diffusion coupled to material thermal conduction equations is a typical nonlinear model problem. In this paper,
the discretized equations is solved by three Newton–Krylov methods: Newton-GMRES, Newton-BiCGSTAB and Newton-
TFQMR methods. For the purpose of preconditioning, two linearization methods are constructed for diffusion terms, and
two preconditioning techniques are obtained correspondingly. Numerical results for both one- and two-dimensional cases
show that both the two preconditioning methods can reduce the linear iterations and CPU time, with the reduction of Pre-
conditioning II being much more than Preconditioning I. Thus, the preconditioning techniques are effective, with Precondi-
tioning II having a better performance.

It should be pointed out that the preconditioning techniques in this paper can be used to any kind of diffusion problem
with nonlinear diffusion term. In particular, the preconditioning techniques in this paper can be used to construct precon-
ditioners for three temperature heat conduction equations [3].
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